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Made using LATEX, not what you thought!

A. Görling (Universität Erlangen) Benasque 2008 1 / 27



Overview

Blindness of TDDFT for certain excitations

Present density-functional response methods and their limitations

The problem of treating charge transfer excitations

HeH+ CT excitations and the role of the KS eigenvalue differences

A new density-functional response approach for orbital-dependent
functionals

Frequency-dependent exact-exchange TDDFT

Summary

A. Görling (Universität Erlangen) Benasque 2008 2 / 27



Blindness of TDDFT

Density-functional response methods consider poles of density-density
(potential-density) response function

X(ω, r, r′) =
∑

n

[
〈Ψ0|ρ̂(r)|Ψn〉〈Ψn|ρ̂(r′)|Ψ0〉

E0 − En + ω + iη
+
〈Ψn|ρ̂(r)|Ψ0〉〈Ψ0|ρ̂(r′)|Ψn〉

E0 − En − ω − iη

]

If 〈Ψn|ρ̂(r)|Ψ0〉 = 0 for all r then excitation does not contribute to X
⇒ blindness of TDDFT

Do such excitations exist in practice?
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Examples for blindness of TDDFT: N2

Excitation from ground into excited state 1Σ−u (π → π∗) of N2

ground state 1Σ+
g excited state 1Σ−u

Σ+
g ⊗ Σ−u = Σ−u

〈Ψ1Σ−u |v̂pert|Ψ
1Σ+

g 〉 = 0 for all local functions vpert(r)

〈Ψ1Σ−u |ρ̂(r)|Ψ
1Σ+

g 〉 = 0 for all r

Local functions vpert(r) of Σ−g symmetry do not exist
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Examples for blindness of TDDFT: Ne

Excitation from ground into excited state 1P (2p → 3p) of Ne

ground state 1Sg excited state 1Pg

Sg ⊗ Pg = Pg

〈Ψ1Pg |v̂pert|Ψ1Sg 〉 = 0 for all local functions vpert(r)

〈Ψ1Pg |ρ̂(r)|Ψ1Sg 〉 = 0 for all r

Local functions vpert(r) of Pg symmetry do not exist
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Density-functional response methods I

Derivation of density-functional response methods without action formalism

Basic response formula from Runge-Gross theorem

Int. J. Quantum Chem. 69, 265 (1998)∫
dr′

[
δ(r−r′)−

∫
dr′′Xs(ω, r, r′′) fuxc(ω, r′′, r′)

]
ρ(ω, r′)=

∫
dr′Xs(ω, r, r′) vpert(ω, r′)

Xs(ω, r, r′) =
occ.∑

i

unocc.∑
a

ϕi(r) ϕa(r) λia(ω) ϕi(r′) ϕa(r′) λia(ω) =
4 εai

ω2 − ε2
ai

Matrix formulation

YT(r) [1 − λ(ω)K(ω)] x(ω) = YT(r) λ(ω)vpert(ω)

ρ(ω, r) =
occ.∑

i

unocc.∑
a

ϕi(r)ϕa(r) xia(ω) = YT(r)x(ω)

Kia,jb(ω) =

∫
drdr′ ϕi(r′) ϕa(r′) fuxc(ω, r, r′) ϕj(r′) ϕb(r′)
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Density-functional response methods II

Basic response formula

YT(r) [1 − λ(ω)K(ω)] x(ω) = YT(r) λ(ω)vpert(ω)

equivalent to matrix equation

[1 − λ(ω)K(ω)] x(ω) = λ(ω)vpert(ω)

JCP 110, 2785 (1999)

Multiplication by 4 λ(ω)−1 ε1/2 leads to Casida’s equation[
ε2 − 4 ε1/2K(ω)ε1/2

]
z(ω) = ω2 z(ω) with z(ω) = ε−1/2x(ω)

Range of validity: For ω = εai Casida’s does not represent TDDFT equation
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Casida’s equation for N2

π → π∗ excitations in N2

Products π(r)π∗(r)

πx(r)π∗x(r), πx(r)π∗y(r), πy(r)π∗x(r), πy(r)π∗y(r),

πx(r)π∗y(r) = π(θ, r) cos(φ) π∗(θ, r) sin(φ)

= π(θ, r) sin(φ) π∗(θ, r) cos(φ) = πy(r)π∗x(r)

For vector z = ε−1/2x corresponding to 1√
2
πx(r)π∗y(r)− 1√

2
πy(r)π∗x(r)[

ε2 − 4 ε1/2K(ω)ε1/2
]

z(ω) = ε2z(ω) = ω2 z(ω)

ω = επ∗π

Spurious eigenvalue not corresponding to pole of density-density response function
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Limitations of conventional TDDFT methods

ALDA/AGGA density-functional response methods suffer from a number of
shortcomings

Excitations with Rydberg character inaccurate
Solution: EXX ground state calculation or asymptotic corrections

Excitations in long conjugate systems of π-electrons systematically
underestimated

Description of 2e-excitations and excitonic effects problematic

Charge-transfer excitations qualitatively incorrect
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Charge transfer (CT) problem

[
ε2 − 4 ε1/2K(ω)ε1/2

]
z(ω) = ω2 z(ω)

with Kia,jb =
∫

drdr′ ϕi(r′) ϕa(r′) fuxc(ω, r, r′) ϕj(r′) ϕb(r′)

CT excitation ϕi → ϕa with ϕi(r)ϕa(r) → 0

ω = εai for present methods with adiabatic LDA/GGA

because KGGA
ia,jb = 0 and KGGA

jb,ia = 0

ω 6= εai only if Kai,jb(ω) →∞

Complicated behavior of kernel believed to depend on frequency dependence
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Asymptotic behavior of CT excitations

HOMO–LUMO CT excitations
between two neutral fragments at distance R

ωCT = I −A− 1

R

ALDA/GGA ωCT = εa − εi

HOMO–LUMO CT excitations
between neutral and cationic fragment at distance R

ωCT = I −A

ALDA/GGA ωCT = εa − εi +
1

R
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EXX potential and kernel in HeH+

In non-spin-polarized 2e-system

vx = −1

2
vH

fx(ω, r, r′) = −1

2

1

|r′ − r|

Exact exchange kernel frequency independent

EXX/TDEXX implementation trivial

Energy CT excitation He 1s → H+ 1s equals εH+
1s
− εHe1s
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CT excitation in HeH+
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Qualitative correct distance behavior of CT excitation due to
EXX eigenvalue difference

KS eigenvalue differences may play role in CT excitations
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Orbital-dependent exchange-correlation kernels

OEP-like equation for exact exchange kernel

fx(ω, r, r′) =

∫
dr′′dr′′′X−1

s (ω, r, r′′) hx(ω, r′′, r′′′) X−1
s (ω, r′′′, r′)

fx = X−1
s hx X−1

s

Numerically highly unstable equation

Solving this equation not advisable
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New density-functional response method I

Insertion of

fx = X−1
s hx X−1

s

ρ = Xs vpert
s

into basic density-functional response method

[1−Xs fuxc] ρ = Xs vpert

and neglect of fc leads to

[Xs −Xs fu Xs − hx] vpert
s = Xs vpert

No inverse response functions
Equation for vpert

s (ω) instead of ρ(ω)
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New density-functional response method II

With hx expressed as

hx(ω, r, r′) =
∑
ia

∑
jb

ϕi(r) ϕa(r) λia(ω) Jia,jb(ω) λjb(ω) ϕb(r′) ϕj(r′)

new density-functional response formula

[Xs −Xs fu Xs − hx] vpert
s = Xs vpert

turns into

WT(r)
1

4

[
ω21 − ε2 − 4 ε1/2 [C + J(ω)]ε1/2

]
z(ω) = WT(r) ε1/2λ(ω)vpert(ω)

with Wia(r) = λia(ω) ε
−1/2
ia ϕi(r) ϕa(r), z(ω) = ε−1/2λ(ω)vpert

s (ω),

Cia,jb = 〈aj|ib〉, vpert
ia (ω) = 〈ϕa|v̂pert(ω)|ϕi〉
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New density-functional response method III

If products Wia(r) were independent then[
ω21 − ε2 − 4 ε1/2 [C + J(ω)]ε1/2

]
z(ω) = 4 ε1/2λ(ω)vpert(ω)

would be a representation of a density-functional response equation

Excitation energies from[
ε2 + 4 ε1/2 [C + J(ω)]ε1/2

]
z(ω) = ω2 z(ω)

For linearly dependent product Wia(r) projection on linearly independent space
spanned by Wia(r)

In practice projection has no effect for valence excitations
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New density-functional response method IV

[
ε2 + 4 ε1/2 [C + J(ω)]ε1/2

]
z(ω)=ω2 z(ω)

Elements of J = J1 + J2

J1
ia,jb =

1

4

[
1 +

ω2

εiaεjb

] [
−〈ja|ib〉+ δij〈ϕa|v̂NL

x − v̂x|ϕb〉 − δab〈ϕi|v̂NL
x − v̂x|ϕj〉

]
−1

4

[
1− ω2

εiaεjb

]
〈ab|ji〉

J2 does not contribute to simple valence, Rydberg or CT excitations
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Results for He2

He1 (1s) → He2 (2s)
basis set aug-cc-pVQZ
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Single pole approximation

CT excitations within single pole approximation

ω2 = ε2
ia

εia − 〈ia|ia〉+ ∆ia

εia + 〈ia|ia〉 −∆ia

with ∆ia = 〈ϕa|v̂NL
x − v̂x|ϕa〉 − 〈ϕi|v̂NL

x − v̂x|ϕi〉 being derivative discontinuity

In leading order in 〈ia|ia〉 −∆ia

ω = εa − εi + ∆ia − 1/R
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Single pole approximation for CT excitation in He2

He1 (1s) → He2 (2s)
basis set cc-pVDZ

15 20 25 30
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Single pole approximation for CT excitation in He2
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Results for HeBe

He (1s) → Be (2p)
basis set aug-cc-PVTZ
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Results for Ne

Singulet excitation energies of the Ne atom (in eV) with uncontracted [22s17p] orbital basis set

method TDHF ATDEXXn ATDEXXp TDEXXn TDEXXp PBE Expt.
P (2p → ns)

n = 3 18.3518 18.2160 18.2183 18.3661 18.3686 13.2214 16.847
n = 4 21.2749 21.2586 21.2590 21.2836 21.2842 13.4705
n = 5 22.1543 22.1531 22.1533 22.1622 22.1624 13.9620

D(2p → np)

n = 3 20.1112 20.0907 20.0907 20.1273 20.1274 13.4246 18.703
n = 4 21.7595 21.7644 21.7644 21.7692 21.7693 13.6268

P (2p → np)

n = 3 20.1348 20.1231 20.1572 13.4247 18.725
n = 4 21.7635 21.7677 21.7751 13.6283
n = 5 22.3528 22.3591 22.3621 14.0862
n = 6 22.6414 22.6480 22.6503 15.1452

S(2p → np)

n = 3 20.5407 20.4844 20.4976 20.5908 20.6043 13.4248 18.965
n = 4 21.9034 21.8895 21.9062 21.9261 21.9234 13.6304
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Results for C2H4

Singulet excitation energies of the C2H4 molecule (in eV) with uncontracted
C[14s9p3d],H[9s,5p,1d] orbital basis set from Hirata et al.

method Ag B2g B1u B1g B3u

π → 3pπ π → 3pσ π → π∗ π → 3pσ π → 3s
TDHF 8.07 7.86 7.37 7.70 7.11
ATDEXXn 8.08 7.88 7.48 7.83 7.16
ATDEXXp 8.08 7.89 7.48 7.83 7.16
TDEXXn 8.10 7.87 7.58 7.72 7.13
TDEXXp 8.10 7.87 7.58 7.72 7.13

EXX/ALDA 7.98 7.83 7.76 7.87 7.08
LDA 8.24 7.21 7.45 7.22 6.66
Expt. 8.29 8.00 7.66 7.83 7.15
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Summary

TDDFT is blind for certain excitations
Casida’s equation leads to eigenvalue difference in these cases

In HeH+ correct CT energies with TDDFT from eigenvalue
differences, the latter can be important for CT

New density-functional response approach for orbital-dependent
kernels avoiding inverse response functions

EXX-TDDFT yields CT excitations
Too large derivative discontinuity in EXX-TDDFT
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